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Let M be a connected real analytic manifold. We denote by Diffrsub(M)0, 1 r < ∞, the
group of subanalytic Cr diffeomorphisms of M which are isotopic to the identity via a
compactly supported subanalytic Cr isotopy. We show that Diffrsub(M)0 satisﬁes Epstein’s
axioms. This implies that the commutator subgroup of Diffrsub(M)0 is simple. Moreover, we
show that the commutator subgroup of Diffrsub(M)0 is dense in Diff
r
sub(M)0. As a corollary
we obtain that Diffrsub(M)0 is topologically simple.
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1. Introduction
The aim of this paper is to extend some results known for diffeomorphism groups of smooth manifolds to the subanalytic
case. Let M be a connected real analytic manifold without boundary. We study the structure of the groups Diffrsub(M)0,
1 r < ∞, of subanalytic Cr diffeomorphisms of M which are isotopic to the identity via a compactly supported subanalytic
Cr isotopy. As far as we know, these groups have not been studied earlier.
The study of the simplicity of diffeomorphism and homeomorphism groups goes back to the 1960s. It was shown by
Anderson in [1], that the group of stable homeomorphisms of a manifold is simple. The work of Chernavski, Kirby and
Edwards showed that the group of stable homeomorphisms equals the group of homeomorphisms isotopic to the identity.
Smale then conjectured that the group Diffr(M)0, 1  r ∞, of Cr diffeomorphisms of a smooth manifold M , which are
isotopic to the identity via a compactly supported Cr isotopy, is also a simple group.
In early seventies, Herman proved Smale’s conjecture for C∞ diffeomorphisms in the case where M is a torus, see [6].
Using Herman’s result, Thurston showed in 1974 that Diff∞(M)0 is simple, for any smooth manifold M , see [16].
The diffeomorphism groups Diffr(M)0, where r is ﬁnite, have been studied by Epstein and Mather. Epstein showed in
1970 that the commutator subgroup of Diffr(M)0 is simple, for any 1 r ∞, see [3]. Mather, see [13] and [14], showed
that Diffr(M)0 is perfect, for 1  r < ∞, r = dim(M) + 1. Combined with Epstein’s result, this implies that the groups
Diffr(M)0 are simple, for r = dim(M) + 1. Later, in [4], Epstein extended Mather’s work to the case r = ∞, thus giving an
alternative proof for Thurston’s theorem.
In [3], Epstein showed that the homeomorphism groups satisfying certain axioms have simple commutator subgroups.
We show that Diffrsub(M)0, 1  r < ∞, satisﬁes Epstein’s axioms. Thus we obtain that the commutator subgroup of
Diffrsub(M)0 is simple (Theorem 7.5). We also show that the commutator subgroup is dense in Diff
r
sub(M)0 (Theorem 9.1). It
follows that Diffrsub(M)0 is topologically simple, i.e., that it does not contain any non-trivial closed normal subgroups.
E-mail address:mk5aq@virginia.edu.0926-2245/$ – see front matter Published by Elsevier B.V.
doi:10.1016/j.difgeo.2009.03.006
662 M. Kankaanrinta / Differential Geometry and its Applications 27 (2009) 661–670No prior knowledge about subanalytic geometry is required for understanding this paper. We begin by recalling the
deﬁnition and some basic properties of subanalytic sets and maps (Section 2). In Section 3, we verify the existence of
subanalytic Cr partitions of unity. In Section 4, we introduce the group Diffrsub(M)0. Section 5 deals with subanalytic ap-
proximations and isotopies and Section 6 contains a subanalytic version of Palis and Smale’s factoring lemma [15]. Epstein’s
axioms are recalled in Section 7, while Section 8 is concerned with verifying Axiom 3 in the subanalytic case. In Section 9,
we show that the commutator subgroup is dense in Diffrsub(M)0, and that the groups Diff
r
sub(M)0 are topologically simple.
In Section 10, we show that also the group Diffω(M)0 of the real analytic diffeomorphisms of a compact connected real
analytic manifold which are isotopic to the identity via a real analytic isotopy, is topologically simple. We conclude the
paper by asking some further questions.
2. Subanalytic sets
In this section we recall some basic properties of subanalytic sets and maps. We begin with the deﬁnitions. Let M be
a real analytic manifold and let U be an open subset of M . The set of all real analytic maps U → R is denoted by Cω(U ).
We denote by S(Cω(U )) the smallest family of subsets of U containing all the sets of the form {x ∈ U | f (x) > 0} where
f ∈ Cω(U ), which is stable under ﬁnite intersection, ﬁnite union and complement.
Deﬁnition 2.1. Let M be a real analytic manifold. We call a subset X of M semianalytic if every point x ∈ M has a neigh-
bourhood U such that X ∩ U ∈ S(Cω(U )).
Let B ⊂ M . We say that B is a projection of a semianalytic set if there exist a real analytic manifold N and a semianalytic
subset A of M × N such that B = p(A), where p :M × N → M is the projection. We call B relatively compact, if the closure
B is compact.
Deﬁnition 2.2. Let M be a real analytic manifold. We call a subset X of M subanalytic if every point x ∈ M has a neighbour-
hood U such that X ∩ U is a projection of a relatively compact semianalytic set.
Every semianalytic set is subanalytic. Finite unions and ﬁnite intersections of subanalytic sets are subanalytic, and the
complement of a subanalytic set is subanalytic. The closure, and thus the interior, of a subanalytic set is subanalytic. For
basic properties of semianalytic and subanalytic sets, see [2,7] and [12].
Deﬁnition 2.3. Let M and N be real analytic manifolds and let X be a semianalytic (subanalytic) subset of M . A continuous
map f : X → N is called semianalytic (subanalytic) if its graph Gr( f ) is a semianalytic (subanalytic) subset of M × N .
Every real analytic map M → N is semianalytic.
Lemma 2.4. Let M and N be real analytic manifolds and let g :M → N be a subanalytic map which is also differentiable of class C∞ .
Then g is real analytic.
Proof. Without loss of generality we may assume that M is connected and that N equals R. Since, obviously, g must be
real analytic at some point of M , it follows that the dimension (for the deﬁnition, see Remark 3.5 in [2]) of Gr(g) equals
dim(M) = n. By the uniformisation theorem (Theorem 5.1 in [2]) there exist a real analytic manifold P , of dimension n, and
a proper real analytic mapping (ϕ, f ) : P → M × R such that (ϕ, f )(P ) = Gr(g). Then ϕ is a surjection and g ◦ ϕ = f . By
Sard’s theorem ϕ must have rank n at some point of P . Thus ϕ has generic rank n. The claim now follows from Lemma 7.8
in [2]. 
Example 2.5. The map
f :R → R, x 	→
{
0, if x 0,
e− 1x , if x > 0
is C∞ differentiable but not real analytic. Although the restrictions of f to (−∞,0) and (0,∞) are real analytic, Lemma 2.4
implies that f is not subanalytic.
In verifying that certain maps are subanalytic, we will frequently use the following basic lemmas. The proofs are easy,
and Lemmas 2.7 and 2.8 can quite easily be obtained by using Lemma 2.6.
Lemma 2.6. Let M, N and P be real analytic manifolds and let X be a closed subanalytic subset of M and Y a subanalytic subset
of N. Suppose that f : X → N and h : Y → P are subanalytic maps such that f (X) ⊂ Y . Then the composite map h ◦ f : X → P is
subanalytic.
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Lemma 2.7. Let M be a real analytic manifold and let h :M → R and f :M → Rn, where n ∈ N, be subanalytic maps. Then the product
hf :M → Rn is a subanalytic map. If h(x) = 0 for every x ∈ M, then the quotient f /h :M → Rn is subanalytic.
Proof. Lemma 4.25 in [10]. 
Let ψ :M → R be a map. By the support of ψ , denoted by supp(ψ), we mean the closure of the set {x ∈ M | ψ(x) = 0}.
Lemma 2.8. Let M be a real analytic manifold and let ψi :M → N, i ∈ N, be subanalytic maps such that {supp(ψi)}i∈N is locally ﬁnite.
Then the map
ψ :M → R, x 	→
∞∑
i=1
ψi(x),
is subanalytic.
Proof. Corollary 4.28 in [10]. 
3. Subanalytic Cr partitions of unity
The following lemma is a variant of Lemma 3.2 in [9], and the proof is like the proof of that lemma.
Lemma 3.1. Let 0 < r1 < r2 , and let y ∈ Rn, for some n ∈ N. Let 0 r < ∞. Then there exists a subanalytic Cr map f :Rn → R such
that
f (x) =
{
1, if ‖x− y‖ r1,
0, if ‖x− y‖ r2.
Moreover, we can assume that f (x) 0, for all x ∈ Rn.
Proof. Let p :R → R be a polynomial such that p(r21) = 1, p(k)(r21) = 0, p(r22) = 0 and p(k)(r22) = 0, for 1  k  r. Deﬁne
f˜ :R → R by
f˜ (x) =
⎧⎪⎨
⎪⎩
1, if x ∈ (−∞, r21],
p(x), if x ∈ [r21, r22],
0, if x ∈ [r22,∞).
Then f˜ is a subanalytic Cr map.
Deﬁne
f :Rn → R, x 	→ ( f˜ )2(‖x− y‖2).
Since the map x 	→ ‖x‖2 is real analytic and the map f˜ is subanalytic, it follows from Lemmas 2.6 and 2.7 that f is
subanalytic. Clearly, f is a Cr map satisfying the conditions of the lemma. 
Deﬁnition 3.2. Let M be a real analytic manifold. A subanalytic Cr partition of unity is a collection {λi} of subanalytic Cr maps
M → R with the following properties:
(1) λi(x) 0 for every x ∈ M ,
(2) {supp(λi)} is a locally ﬁnite cover of M , and
(3)
∑
i λi(x) = 1 for every x ∈ M .
A partition {λi} of unity is said to be subordinate to an open cover {U j} of M , if for every i there is a U j such that
supp(λi) ⊂ U j .
The proof of the following theorem is similar to the proof of Theorem 2.2.1 in [8], but we have to take care that the
maps become subanalytic.
Theorem 3.3. Let M be a real analytic manifold and let U be an open cover of M. Then M has a subanalytic Cr partition of unity
subordinate to U , for any 0 r < ∞.
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We may assume that each ϕα(Vα) is a bounded subset of Rn and that each closure V α is compact. The cover V = {Vα}α∈A
has a reﬁnement {Wα}α∈A , such that each W α is a compact subset of Vα . It suﬃces to ﬁnd a subanalytic Cr partition of
unity subordinate to V , see the remark before Theorem 2.2.1 in [8].
For each α ∈ A, cover the compact subset ϕα(W α) of Rn by ﬁnitely many closed balls
B(r1,α), . . . ,B(rk(α),α)
contained in ϕα(Vα). Here r j,α denotes the radius of the ball B(r j,α). Then, for every α ∈ A, there are closed balls
B(R1,α), . . . ,B(Rk(α),α)
contained in ϕα(Vα), such that R j,α > r j,α and the balls B(R j,α) and B(r j,α) have the same centre, for each j, 1 j  k(α).
By Lemma 3.1, there are subanalytic Cr maps
λ j,α :R
n → [0,∞), j = 1, . . . ,k(α),
such that λ j,α(x) = 1, for every x ∈ B(r j,α), and supp(λ j,α) ⊂ B(R j,α). Set
λα =
k(α)∑
j=1
λ j,α :R
n → R.
Then λα(x) > 0 for every x ∈ ϕα(W α), and λα(x) = 0 for every x ∈ Rn \⋃k(α)j=1 B(R j,α). By Lemma 2.8, λα is subanalytic.
Deﬁne
μα :M → R, x 	→
{
λα(ϕα(x)), if x ∈ Vα,
0, if x ∈ M \ Vα.
Then μα is a subanalytic Cr map, μα > 0 on W α , and supp(μα) ⊂ Vα . Deﬁne
να = μα∑
α μα
.
The map να is subanalytic by Lemmas 2.7 and 2.8. Then {να}α∈A is a subanalytic Cr partition of unity subordinate to V . 
4. The group of subanalytic diffeomorphisms
Let M and N be real analytic manifolds. Without further notice we assume that all the manifolds have an empty bound-
ary. We denote by Cr(M,N), 0 r ∞, the set of Cr differentiable maps from M to N . The set of real analytic maps from
M to N is denoted by Cω(M,N) and the set of subanalytic Cr maps from M to N is denoted by Crsub(M,N), 0 r < ∞. We
equip Cr(M,N) by the Whitney topology, also called the strong topology. For the basic properties of the Whitney topology,
see [8], Chapter 2.
If f :M → M is a subanalytic map which is also a Cr diffeomorphism, 1  r < ∞ (or a homeomorphism), it follows
immediately from the deﬁnition of a subanalytic map, that also the inverse map f −1 is subanalytic. The composition of
maps induces a group structure on the set of subanalytic Cr diffeomorphisms of M . This group, denoted by Diffrsub(M), becomes
a topological group when it is given the induced topology from Cr(M,M). Notice, that by Lemma 2.4, Diff∞sub(M) = Diffω(M).
A subanalytic Cr isotopy between two subanalytic diffeomorphisms f0, f1 ∈ Diffrsub(M), is a subanalytic Cr map F :M ×[0,1] → M such that the map
Ft :M → M, x 	→ F (x, t),
is a subanalytic Cr diffeomorphism, for all t ∈ I = [0,1], F0 = f0 and F1 = f1.
Let f :M → M be a subanalytic Cr diffeomorphism. By the support of f , denoted by supp( f ), we mean the closure of
the set {x ∈ M | f (x) = x}. By the support of an isotopy F :M × I → M , denoted by supp(F ), we mean the closure of the set
{x ∈ M | F (x, t) = x, for some t ∈ I}.
The group of subanalytic Cr diffeomorphisms of M , 1 r < ∞, which are isotopic to the identity via a compactly sup-
ported subanalytic Cr isotopy is denoted by
Diffrsub(M)0.
The group Diffrsub(M)0 inherites the C
r topology from Diffrsub(M), which makes it a topological group. To check that
Diffrsub(M)0 really is a group, we point out the following: Let f1, f2 ∈ Diffrsub(M)0 and let F 1 :M× I → M and F 2 :M× I → M
be subanalytic Cr isotopies with compact supports and such that F 10 = f1, F 11 = idM , F 20 = f2 and F 21 = idM . Then f2 ◦ F1 is
a subanalytic Cr isotopy from f2 ◦ f1 to f2 having a compact support. Using the subanalytic Cr bump functions constructed
in Section 3, the isotopies f2 ◦ F1 and F2 can be glued together in a standard way to form a subanalytic Cr isotopy from
f2 ◦ f1 to idM . Clearly, this isotopy has a compact support.
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In this section we will prove some preliminary lemmas concerning subanalytic approximations.
Lemma 5.1. Let M and N be real analytic manifolds and let 0 r1 < r2 < ∞. Then Cr2sub(M,N) is dense in Cr1 (M,N).
Proof. The claim follows immediately from the fact that all real analytic maps are subanalytic, and from Whitney’s approx-
imation theorem which says that Cω(M,N) is dense in C0(M,N). 
Lemma 5.2. Let M be a real analytic manifold. Then Diffrsub(M)0 is dense in Diff
r(M)0 , for 1 r < ∞.
Proof. Let g ∈ Diffr(M)0 and let G :M× I → M be a compactly supported Cr isotopy from idM to g . Let U and V be relatively
compact sets in M such that supp(G) ⊂ U and U ⊂ V . Let {λ1, λ2} be a subanalytic Cr partition of unity subordinate to
{V ,M \ U }. By a result of Grauert, see Theorem 3 in [5], there exists a closed real analytic embedding
e :M → Rm
into some euclidean space Rm . Let
r :W → M
be a real analytic tubular neighbourhood of e(M) in Rm . Let N be a suﬃciently small neighbourhood of G in Cr(M × I,M).
The map
A :N → Cr(M × I,M),
deﬁned by
A(H)(x, t) = e−1 ◦ r ◦ (λ1(x)e ◦ H(x, t) + λ2(x)e(x)),
is continuous. Clearly, A(G) = G and A(H) is a subanalytic Cr map for every real analytic map H . Since isotopies form an
open set in Cr(M × I,M) and since, by Whitney’s approximation theorem, real analytic maps are dense in Cr(M × I,M), it
follows that there exists a suﬃciently good real analytic approximation H of G such that A(H) is a subanalytic Cr isotopy.
The continuity of A implies that A(H)1 can be made to approximate g arbitrarily well. We may assume that H0 = idM (see
Proposition 1.2 in [11]), which implies that also A(H)0 = idM . Since supp(A(H)) ⊂ V , the proof is complete. 
Lemma 5.3. Let M be a real analytic manifold and let 1 r1 < r2 < ∞. Then Diffr2sub(M)0 is dense in Diffr1sub(M)0 .
Proof. Similar to the proof of Lemma 5.2. 
Lemma 5.4. Let M be a real analytic manifold. Let g :M → M be a Cr diffeomorphism, 1 r ω. Then g has a neighbourhood N in
Diffr(M) such that if f ∈ N , then f is Cr isotopic to g. If, in addition, the support of g is compact, then g has a neighbourhood N0 in
Diffr(M)0 such that if f ∈ N0 , then f is Cr isotopic to g through a compactly supported Cr isotopy.
Proof. Let e :M → Rm be a closed real analytic embedding into some euclidean space and let r :W → e(M) be a real
analytic tubular neighbourhood of e(M) in Rm . When f is suﬃciently close to g the isotopy is given by
F :M × I → M, (x, t) 	→ e−1 ◦ r ◦ (te ◦ f (x) + (1− t)e ◦ g(x)).
If both f and g have a compact support, so does this isotopy. 
Proposition 5.5. Let M be a real analytic manifold and let f0 and f1 be subanalytic Cr diffeomorphisms of M, 1 r < ∞. Let F be a
Cs isotopy from f0 to f1 , for some s, 1 s < r. Then there exists a subanalytic Cr isotopy F ∗ from f0 to f1 . If supp(F ) is compact, F ∗
can be chosen in such a way that also supp(F ∗) is compact.
Proof. Let e :M → Rm be a closed real analytic embedding into some euclidean space and let r :W → e(M) be a real
analytic tubular neighbourhood of e(M). Let H :M × I → M be a real analytic map. When H approximates F suﬃciently
well, the map
F ∗ :M × I → M,
taking (x, t) to
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is a subanalytic Cr isotopy from f0 to f1.
Assume then that the support of F is compact. Let U and V be relatively compact open sets in M such that supp(F ) ⊂ U
and U ⊂ V . Let {λ1, λ2} be a subanalytic Cr partition of unity subordinate to {V ,M \ U }. When H is suﬃciently close to F ,
the map
H˜ :M × I → M, (x, t) 	→ e−1 ◦ r ◦ (λ1(x)e ◦ H(x, t) + λ2(x)e(x)),
is well-deﬁned. We may assume that H is a subanalytic Cr map with supp(H) ⊂ U . Then H˜ is a subanalytic Cr map. It
equals H on U × I and the projection M × I → M on (M \ U ) × I . Replacing H in (1) by H˜ yields a subanalytic Cr isotopy
from f0 to f1 having a compact support. 
6. Subanalytic factoring
One of the most useful basic tools in studying the structure of diffeomorphism groups is a factoring lemma (Lemma 3.1
in [15]) by Palis and Smale. The following result is a subanalytic version of that lemma. The proof follows the proof of
Lemma 3.1 in [15].
Lemma 6.1. Let M be a real analytic manifold and let 1 r < ∞. The identity map of M has a neighbourhood N in Diffrsub(M)0 with
the following property: Let f ∈ N and let {Ui | 1 i  n} be a cover of supp( f ) by relatively compact open sets in M. Then f can be
factored as f = fn ◦ · · · ◦ f1 , where fi ∈ Diffrsub(M)0 and supp( f i) ⊂ Ui , for all i, 1 i  n.
Proof. Let F :M× I → M be a compactly supported subanalytic Cr isotopy from the identity map to f . Let U0 = M \supp( f ).
Then {Ui}ni=0 is an open cover of M . Let {λi}ni=0 be a subanalytic Cr partition of unity subordinate to {Ui}ni=0. Let
μi :M → M × I, x 	→
(
x, λ0(x) + · · · + λi(x)
)
,
for every i, 1 i  n. The maps μi are subanalytic and Cr differentiable. We may assume that when f is close enough to
the identity, F is close to the projection M × I → M , and the maps gi = F ◦ μi are close to the identity in the Whitney Cr
topology. Since Cr diffeomorphisms form an open set among the Cr maps in the Whitney topology, it follows that we may
assume the maps gi to be subanalytic Cr diffeomorphisms. Moreover, we may assume that the maps gi are isotopic to the
identity via a compactly supported Cr isotopy.
Set f i = gi ◦ g−1i−1, for 2 i  n and f1 = g1. Then f = gn = fn ◦ · · · ◦ f1. Since gi equals gi−1 on M \ supp(λi), it follows
that supp( f i) ⊂ Ui . The claim now follows from Proposition 5.5. 
7. Epstein’s axioms
Let X be a paracompact Hausdorff space. Let G be a group of homeomorphisms of X and U a basis of open neighbour-
hoods of X . In [3], Epstein introduced the following axioms:
• Axiom 1. If U ∈ U and f ∈ G , then f (U ) ∈ U .
• Axiom 2. The group G acts transitively on U .
• Axiom 3. Let f ∈ G , U ∈ U and let B ⊂ U be a covering of X . Then there exist an integer n, elements f1, . . . , fn ∈ G and
V1, . . . , Vn ∈ B such that f = fn ◦ fn−1 ◦ · · · ◦ f1, supp( f i) ⊂ Vi , for 1 i  n,
supp( f1) ∪ U = X,
and
supp( f i) ∪
(
f i−1 · · · f1(U )
) = X, for 2 i  n.
We denote the commutator subgroup of G by [G,G]. We say that a subgroup N of a group G is normalised by [G,G], if
for every n ∈ N and for every g ∈ [G,G], the element n−1g−1ng is in N . In [3], Epstein proved the following result:
Theorem 7.1. (See Theorem 1.4 in [3].) Let (X,G, U) satisfy the three axioms above and let N be a non-trivial subgroup of G which is
normalised by [G,G]. Then [G,G] ⊂ N.
Theorem 7.1 immediately implies the following:
Theorem 7.2. (See Theorem 1.1 in [3].) If (X,G, U) satisﬁes the three axioms above, then [G,G] is simple.
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the open unit ball in Rn . We call a set of the form ϕ(B) an open ball in M . For every r, let us ﬁx an open ball Ur ⊂ M . Let
Gr = Diffrsub(M)0. We deﬁne
U r = {g(Ur) ∣∣ g ∈ Gr},
for 1 r < ∞. It follows easily from the properties of Cr-diffeomorphisms and from Lemma 5.2, that U r is a basis for the
topology of M , for 1 r < ∞.
It is obvious that (M,Gr, U r) satisﬁes the ﬁrst two axioms. Most of the rest of this paper will go to verifying that our
situation satisﬁes Epstein’s Axiom 3. Thus we will prove:
Theorem 7.3. If 1 r < ∞, then the three axioms are satisﬁed in the above situation.
Theorems 7.1, 7.2 and 7.3 imply the following results:
Theorem 7.4. Let M be a connected real analytic manifold. Let N be a non-trivial subgroup of Diffrsub(M)0 , 1  r < ∞, which is
normalised by the commutator subgroup [Diffrsub(M)0,Diffrsub(M)0]. Then [Diffrsub(M)0,Diffrsub(M)0] ⊂ N.
Theorem 7.5. Let M be a connected real analytic manifold. Then the commutator subgroup of Diffrsub(M)0 , 1 r < ∞, is simple.
As a corollary of Theorem 7.4 we obtain:
Corollary 7.6. Let M be a connected real analytic manifold. Then every normal subgroup of Diffrsub(M)0 , 1  r < ∞, contains[Diffrsub(M)0,Diffrsub(M)0].
8. Axiom 3
It remains to show that our situation satisﬁes Axiom 3. To do that we need Lemma 8.3, which is a subanalytic version of
Lemma 1.3 in [3]. The proof is like that of Lemma 1.3 in [3], but once again we have to take care that all the maps become
subanalytic. We begin with the following lemma:
Lemma 8.1. Let M be a real analytic manifold of dimension n and let V be an open ball in M. Let g ∈ Diffrsub(M)0 , 1 r < ∞, be such
that supp(g) ⊂ V . Let x1 ∈ V be such that g(x1) = x1 . Let x2 ∈ V be such that x2 = x1 and x2 = g(x1). If M is one-dimensional, x2
must be chosen in such a way that it does not separate x1 and g(x1). Then there exists h ∈ Diffrsub(M)0 having the following properties:
(1) h(x1) = g(x1),
(2) Dh(x1) = Dg(x1),
(3) h is the identity in a small neighbourhood of x2 ,
(4) supp(h) ⊂ V .
Proof. We may assume that V is an open ball in the euclidean space Rn . Let g˜ : V → V be a C∞ map approximating the
restriction g|V suﬃciently well in the Whitney Cr topology. We may assume that g˜ ∈ Diff∞(V )0, that g˜(x1) = g(x1) and
that D g˜(x1) = Dg(x1). A C∞ isotopy F : V × I → V from g˜ to the identity map can be constructed in such a way that, for
some small neighbourhood U of x1, x2 /∈ F (U × I). According to Theorem 8.1.4 in [8], there exists a diffeotopy F of V having
a compact support contained in F (U × I), which agrees with F on a neighbourhood of {x1} × I . The map F 0 ∈ Diff∞(V )0
satisﬁes Conditions 1–4 of the claim.
Let V ′ be an open subset of M such that supp(F 0) ⊂ V ′ and V ′ ⊂ V . For every x ∈ V , we choose a neighbourhood Vx in
V and a map fx : Vx → Rn as follows:
First, let x = x1. Let Vx be any open neighbourhood of x1 contained in V ′ . Let fx : Vx → Rn be a real analytic map (for
example, a polynomial) such that fx(x1) = g(x1) and Dfx(x1) = Dg(x1).
Next, let x = x2. Let Vx be a small neighbourhood of x in V and let fx be the inclusion Vx ↪→ Rn .
Assume then that x ∈ V ′ \ {x1, x2}. Choose Vx to be a neighbourhood of x contained in V ′ \ {x1, x2} and fx to be a real
analytic approximation of F 0|Vx .
Finally, assume that x ∈ V \ V ′ . We now choose Vx = V \ supp(F 0) and fx to be the inclusion Vx ↪→ Rn .
Let {λα} be a subanalytic Cr partition of unity subordinate to a locally ﬁnite reﬁnement of {Vx}. Let α 	→ x(α) be the
reﬁnement projection. We set
h : V → Rn, y 	→
∑
α
λα(y) fx(α)(y).
Then h is a subanalytic Cr map. When the cover {Vx(α)} and the maps fx(α) are chosen carefully, h approximates F 0
suﬃciently well and becomes a subanalytic Cr diffeomorphism of V which satisﬁes Conditions 1–4 of the lemma. It remains
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the identity map in M \ V completes the proof. 
Lemma 8.2. Let f :Rn → Rn be a subanalytic Cr map, 1 r < ∞, such that f (0) = 0 and D f (0) = id. Let ψ :Rn → R be a subana-
lytic Cr bump function which equals 1 in some neighbourhood of 0 and which equals 0 outside some compact set. Then, for suﬃciently
large λ > 0, the map
fλ :R
n → Rn, x 	→ ψ(λx) f (x) + (1− ψ(λx))x,
is a compactly supported subanalytic Cr diffeomorphism.
Proof. The map
A : Crsub
(
R
n,Rn
)→ Crsub(Rn,Rn), h 	→ hλ,
is continuous, A(id) = id and Diffrsub(Rn) is open in Crsub(Rn,Rn). Thus, for any λ, hλ ∈ Diffrsub(Rn), if h approximates the
identity map well enough. When λ is large, only the behaviour of h near 0 matters. Thus, for suﬃciently large λ, the map
fλ ∈ Diffrsub(Rn). Clearly, supp( fλ) is compact. 
Lemma 8.3. Let M be a connected real analytic manifold and let g ∈ Diffrsub(M)0 , 1  r < ∞. Assume supp(g) ⊂ V where V is an
open ball. Let U be an open subset of M with U = M. Then we can write g = g2 ◦ g1 with gi ∈ Diffrsub(M)0 , supp(gi) ⊂ V , for i = 1,2,
and
supp(g1) ∪ U = M and supp(g2) ∪ g1(U ) = M.
Proof. Assume ﬁrst that supp(g) ⊂ U . Then we can choose g1 = id and g2 = g . Assume then that supp(g) ∩ M \ U = ∅.
Then there exists x1 ∈ V \ U such that g(x1) = x1. Choose x2 ∈ V \ U such that x2 = x1 and x2 = g(x1). (Again, if M is one-
dimensional, choose x2 in such a way that it does not separate x1 and g(x1).) By Lemma 8.1, there exists h ∈ Diffrsub(M)0
such that h is the identity in a small neighbourhood of x2, h(x1) = g(x1), Dh(x1) = Dg(x1) and supp(h) ⊂ V .
Let f :Rn → Rn be a subanalytic Cr map such that f (0) = 0 and Df (0) = id. Let ψ :Rn → R be a subanalytic Cr bump
function which equals 1 in some neighbourhood of 0 and which equals 0 outside some compact set. Then, for suﬃciently
large λ > 0, the map fλ , deﬁned as in Lemma 8.2, becomes a subanalytic Cr diffeomorphism which has a compact support.
Choosing f = h−1 ◦ g|V allows us to deﬁne a subanalytic Cr diffeomorphism 	 :M → M which is the identity outside a
small neighbourhood of x1 and which equals h−1 ◦ g in an even smaller neighbourhood of x1. It follows from Lemma 5.4
and from Proposition 5.5, that 	 ∈ Diffrsub(M)0. We put g1 = h ◦ 	 and g2 = g ◦ g−11 .
Now, g1 equals the identity on some neighbourhood of x2 and supp(g1) ⊂ V . Thus also supp(g2) ⊂ V and
x2 /∈ supp(g1) ∪ U . Therefore, supp(g1) ∪ U = M . Since 	 equals h−1 ◦ g in a small neighbourhood of x1, it follows that
g2 = g ◦	−1 ◦h−1 equals the identity on a small neighbourhood of h(x1). Thus h(x1) /∈ supp(g2). Since x1 ∈ V \U , it follows
that h(x1) = g(x1) /∈ g1(U ). Therefore, supp(g2) ∪ g1(U ) = M . 
We are ready to prove:
Theorem 8.4. Axiom 3 holds in our situation.
Proof. Let 1  r < ∞. Let f ∈ Diffrsub(M)0 and let U ∈ U r . Then U = M . Since supp( f ) is compact, it can be covered by
ﬁnitely many sets U1, . . . ,Um where Ui ∈ U r , 1 i m. Assume ﬁrst f is very close to the identity. Then, by Lemma 6.1,
f can be factored as f = fm ◦ · · · ◦ f1, where f i ∈ Diffrsub(M)0 and supp( f i) ⊂ Ui , for every i.
By Lemma 8.3, we can write f1 = f1,2 ◦ f1,1, with f1, j ∈ Diffrsub(M)0, supp( f1, j) ⊂ U1, j = 1,2, and
supp( f1,1) ∪ U = M and supp( f1,2) ∪ f1,1(U ) = M.
Similarly, we can write f i = f i,2 ◦ f i,1, with f i, j ∈ Diffrsub(M)0, supp( f i, j) ⊂ Ui , j = 1,2, and
supp( f i,1) ∪ f i−1 · · · f1(U ) = M and supp( f i,2) ∪ f i,1
(
f i−1 · · · f1(U )
) = M,
for every 2 i m. This proves the claim for f which is in some suﬃciently small neighbourhood N of the identity map
in Diffrsub(M)0. The case of an arbitrary element in Diff
r
sub(M)0 follows easily from the fact that, as a connected topological
group, Diffrsub(M)0 is generated by N . 
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We obtain some more information about the groups Diffrsub(M)0 by using the perfectness of the groups Diff
r(M)0:
Theorem 9.1. Let M be a connected real analytic manifold. Then the commutator subgroup [Diffrsub(M)0,Diffrsub(M)0] is dense in
Diffrsub(M)0 , 1 r < ∞.
Proof. Assume ﬁrst r > dim(M) + 1. It follows from Lemma 5.2, that the group [Diffrsub(M)0,Diffrsub(M)0] is dense in[Diffr(M)0,Diffr(M)0]. The claim now follows immediately from Theorem 1 in [13], which says that Diffr(M)0 is perfect.
Assume then 1 r  dim(M)+ 1. Let r1 > dim(M)+ 1. Then the group [Diffr1sub(M)0,Diffr1sub(M)0] is dense in Diffr1sub(M)0
and Diffr1sub(M)0 is dense in Diff
r
sub(M)0. Thus [Diffrsub(M)0,Diffrsub(M)0] is dense in Diffrsub(M)0. 
We call a topological group topologically simple if it does not contain non-trivial closed normal subgroups. Theorem 9.1
and Corollary 7.6 imply the following:
Corollary 9.2. Let M be a connected real analytic manifold. Then Diffrsub(M)0 , 1 r < ∞, is topologically simple.
10. Groups of real analytic diffeomorphisms
Let M be a connected real analytic manifold. We denote by Diffω(M)0 the group of real analytic diffeomorphisms which
are isotopic to the identity through a compactly supported real analytic isotopy. If M is non-compact, then Diffω(M)0 has
only one element, the identity map of M . For compact M , the following holds:
Theorem 10.1. Let M be a compact connected real analytic manifold. Then Diffω(M)0 is topologically simple.
Proof. Assume H is a normal subgroup of Diffω(M)0, H = {idM}. Denote the closure of H in Diff∞(M)0 by H . Then H is a
subgroup of Diff∞(M)0.
Let g ∈ Diffω(M)0. Then gHg−1 = H . Assume h ∈ H , and let (hn) be a sequence in H converging to h. Then ghng−1 →
ghg−1. Since ghng−1 ∈ H , for all n, it follows that ghg−1 ∈ H . Thus gHg−1 = H , for all g ∈ Diffω(M)0.
Let then f ∈ Diff∞(M)0, and let ( fn) be a sequence in Diffω(M)0 converging to f . Then fnH f −1n = H , for all n. Let h ∈ H .
Then fnhf −1n → f hf −1. Since fnhf −1n ∈ H , for all n, also f hf −1 ∈ H . Therefore, f H f −1 = H and H is normal in Diff∞(M)0.
Since Diff∞(M)0 is a simple group by [16], it follows that H = Diff∞(M)0. Thus the closure of H in Diffω(M)0 must equal
Diffω(M)0. 
11. Concluding remarks
Part of the original motivation for studying the groups Diffrsub(M)0 was that the author hoped understanding their
structure would help to understand the group Diffω(M)0 for a compact M . For example,
Diffω(M)0 =
⋂
r∈N
Diffrsub(M)0,
just like
Diff∞(M)0 =
⋂
r∈N
Diffr(M)0.
However, it now seems unclear if understanding the groups Diffrsub(M)0 will be of any help, and ﬁnding out whether
Diffω(M)0 is a simple (or perfect) group remains an interesting problem. While writing this paper, the author learned that
T. Tsuboi has proved the perfectness in some cases, see [17]. Studying the structure of the connected component of Diffω(M)
containing the identity map, for a non-compact M , would be a related problem. Unfortunately, the methods used in our
paper, frequently based on the use of partitions of unity, cannot be applied to the real analytic case.
If we were able to show that the group Diffrsub(M)0 is perfect, i.e., that it equals its commutator subgroup, then it would
follow from Theorem 7.5, that Diffrsub(M)0 is simple. So far, we have not been able to prove that. It seems that the subtle
methods in [13] and [14] to prove the perfectness of the groups Diffr(M)0 may not be easily adapted to the subanalytic
case. One of the problems is that subanalytic vector ﬁelds do not necessarily generate one-parameter groups of subanalytic
diffeomorphisms.
Another group worth mentioning is the group Homsub(M)0 of subanalytic homeomorphisms with compact support that
are isotopic to the identity via a compactly supported subanalytic isotopy. Subanalytic homeomorphisms behave neither like
homeomorphisms nor like subanalytic diffeomorphisms. For example, the group Homsub(M)0 does not satisfy Condition 3
in [1]. Thus some new methods should be developed for studying this group.
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